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Probabilistic RoboticsProbabilistic Robotics

Key idea: Explicit representation of Key idea: Explicit representation of 
uncertainty uncertainty 

(using the calculus of probability theory)(using the calculus of probability theory)

►►Perception  = state estimationPerception  = state estimation
►►Action Action = utility optimization= utility optimization
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Axioms of Probability TheoryAxioms of Probability Theory
PrPr(A)(A) denotes probability that proposition denotes probability that proposition AA is true.is true.

►►

►►

►

1)Pr(0 ≤≤ A

0)Pr( =False1)Pr( =True

)Pr()Pr()Pr()Pr( BABABA ∧−+=∨►
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A Closer Look at Axiom 3A Closer Look at Axiom 3
)Pr()Pr()Pr()Pr( BABABA ∧−+=∨

B

BA∧A B
True
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Discrete Random VariablesDiscrete Random Variables
►► XX denotes a denotes a random variablerandom variable..

►► XX can take on a countable number of values in can take on a countable number of values in 
{x{x11, x, x22, , ……, , xxnn}.}.

►► P(X=xP(X=xii)), or , or P(xP(xii)), is the , is the probabilityprobability that the that the 
random variable random variable XX takes on value takes on value xxii. . 

►► P( )P( ) is called is called probability mass functionprobability mass function..

►► E.g.E.g. 02.0,08.0,2.0,7.0)( =RoomP

.
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Continuous Random VariablesContinuous Random Variables
►► XX takes on values in the continuum.takes on values in the continuum.

►► p(X=x)p(X=x), or , or p(x)p(x), is a , is a probability density functionprobability density function..

►► E.g.

∫=∈
b

a

dxxpbax )()),(Pr(

x

p(x)E.g.



4/9/2006 CSE-481 Robotics Capstone: Prob Intro 7

Joint and Conditional ProbabilityJoint and Conditional Probability
►► P(X=x P(X=x andand Y=y) = P(x,y)Y=y) = P(x,y)

►► If X and Y are If X and Y are independentindependent then then 
P(x,y) = P(x) P(y)P(x,y) = P(x) P(y)

►► P(x | y) P(x | y) is the probability of is the probability of xx givengiven yy
P(x | y) = P(x,y) / P(y)P(x | y) = P(x,y) / P(y)
P(x,y)   = P(x | y) P(y)P(x,y)   = P(x | y) P(y)

►► If X and Y are If X and Y are independentindependent thenthen
P(x | y) = P(x)P(x | y) = P(x)
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Law of Total Probability, Law of Total Probability, MarginalsMarginals
Discrete case Continuous case

∑ =
x

xP 1)( ∫ =1)( dxxp

∑=
y

yxPxP ),()( ∫= dyyxpxp ),()(

∑=
y

yPyxPxP )()|()( ∫= dyypyxpxp )()|()(
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BayesBayes FormulaFormula

evidence
prior likelihood
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NormalizationNormalization
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ConditioningConditioning

►► Total probability:Total probability:

∫
∫
∫

=

=

=

dzzyPzyxP
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ConditioningConditioning

►► Total probability:Total probability:

►► BayesBayes rule and rule and background knowledgebackground knowledge::

)|(
)|(),|(),|(

zyP
zxPzxyPzyxP =

∫= dzyzPzyxPyxP )|(),|()(
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Conditional IndependenceConditional Independence

)|()|(),( zyPzxPzyxP =

),|()( yzxPzxP =

),|()( xzyPzyP =

►►Equivalent toEquivalent to

andand
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Simple Example of State EstimationSimple Example of State Estimation
►► Suppose a robot obtains measurement zSuppose a robot obtains measurement z
►► What is What is P(doorOpen|zP(doorOpen|z)?)?
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Causal vs. Diagnostic ReasoningCausal vs. Diagnostic Reasoning

►►P(open|z) P(open|z) is is diagnosticdiagnostic..
►►P(z|open) P(z|open) is is causalcausal..
►►Often Often causalcausal knowledge is easier to obtain.knowledge is easier to obtain.
►►BayesBayes rule allows us to use causal rule allows us to use causal 

knowledge:knowledge:

)(
)()|()|( zP

openPopenzPzopenP =

count frequencies!
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ExampleExample

►► P(z|open) = 0.6P(z|open) = 0.6 P(z|P(z|¬¬open) = 0.3open) = 0.3
►► P(open) = P(P(open) = P(¬¬open) = 0.5open) = 0.5

67.0
3
2

5.03.05.06.0
5.06.0)|(

)()|()()|(
)()|()|(

==
⋅+⋅

⋅
=

¬¬+
=

zopenP

openpopenzPopenpopenzP
openPopenzPzopenP

• z raises the probability that the door is open.
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Combining EvidenceCombining Evidence

►►Suppose our robot obtains another Suppose our robot obtains another 
observation observation zz22..

►►How can we integrate this new information?How can we integrate this new information?

►►More generally, how can we estimateMore generally, how can we estimate
P(x| zP(x| z11......zznn ))??
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Recursive Bayesian UpdatingRecursive Bayesian Updating
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Example: Second Measurement Example: Second Measurement 

►► P(zP(z22|open) = 0.5|open) = 0.5 P(zP(z22||¬¬open) = 0.6open) = 0.6
►► P(open|zP(open|z11)=2/3)=2/3
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• z2 lowers the probability that the door is open.
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BayesBayes Filters: FrameworkFilters: Framework

►► Given:Given:
Stream of observations Stream of observations zz and action data and action data u:u:

Sensor modelSensor model P(z|x).P(z|x).
Action modelAction model P(x|u,xP(x|u,x’’))..
PriorPrior probability of the system state probability of the system state P(x).P(x).

►► Wanted: Wanted: 
Estimate of the state Estimate of the state XX of a of a dynamical system.dynamical system.
The posterior of the state is also calledThe posterior of the state is also called BeliefBelief::

),,,|()( 121 tttt zuzuxPxBel −= K

},,,{ 121 ttt zuzud −= K
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Markov AssumptionMarkov Assumption

),|(),,|( 1:11:11:1 ttttttt uxxpuzxxp −−− =
)|(),,|( :11:1:0 tttttt xzpuzxzp =−

Underlying AssumptionsUnderlying Assumptions
►► Static worldStatic world
►► Independent noiseIndependent noise
►► Perfect model, no approximation errorsPerfect model, no approximation errors
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z = observation
u = action
x = stateBayesBayes FiltersFilters

),,,|()( 121 tttt zuzuxPxBel −= K

),,,|(),,,,|( 121121 −−= ttttt uzuxPuzuxzP KKηBayes

Markov ),,,|()|( 121 −= tttt uzuxPxzP Kη
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1111 )(),|()|( −−−−∫= ttttttt dxxBelxuxPxzPη
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BayesBayes Filter Algorithm Filter Algorithm 1111 )(),|()|()( −−−−∫= tttttttt dxxBelxuxPxzPxBel η

1.1. AlgorithmAlgorithm Bayes_filterBayes_filter( ( Bel(x),dBel(x),d ):):
2.2. ηη==00

3.3. IfIf dd is a is a perceptualperceptual data item data item z z thenthen
4.4. For all For all xx dodo
5.5.
6.6.
7.7. For all For all xx dodo
8.8.

9.9. Else ifElse if dd is an is an actionaction data item data item uu thenthen

10.10. For all For all xx dodo
11.11.

12.12. ReturnReturn BelBel’’(x(x))

)()|()(' xBelxzPxBel =
)(' xBel+=ηη

)(')(' 1 xBelxBel −=η

')'()',|()(' dxxBelxuxPxBel ∫=
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SummarySummary
►►BayesBayes rule allows us to compute rule allows us to compute 

probabilities that are hard to assess probabilities that are hard to assess 
otherwise.otherwise.

►►Under the Markov assumption, recursive Under the Markov assumption, recursive 
Bayesian updating can be used to Bayesian updating can be used to 
efficiently combine evidence.efficiently combine evidence.

►►BayesBayes filters are a probabilistic tool for filters are a probabilistic tool for 
estimating the state of dynamic systems.estimating the state of dynamic systems.
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